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Abstract 

When using technical ceramics in highly strained 
structured components, importance is attached to the 
tensional stress concentrations, as they are Jbund at 
circular holes or notches o f  other shapes. These stress 
concentrations lead to critical strains and.frequently 
initiate catastrophic .failure o f  the component. By 
selective.fibre rein[brcement o f  the matrix a redistri- 
bution o f  the stress peaks relevant to failure can be 
achieved. 117 the course o f  this' the fibre orientation, 
besides the notch geomet,'y, plays a decisive role. 

The basis Jbr the dimensioning o f  fibre-reinforced 
ceramic components are the so-called 'characteristic 
value Junctions' which can be illustrated quite 
practically in polar diagrams. 

117 an example of  a fibre-reinjorced plain ceramic 
structure, the stress-induced tensional .fields will be 
calculated by anaO, tical and numerical means for 
technically relevant hole geometries. This will be 
accompanied by the determination o f  the stress 
concentration factors and the graphic display o f  these 
results. 

Beim Einsatz yon lngenieurkeramiken fiir hochbean- 
spruchte Bauteilstrukturen kommt vor allem den 
Zug~spannungskonzentrationen--wie sie zum Beispiel 
an Kreisl6chern und anderen Kerbformen auftreten-- 
besondere Bedeutung zu. Sie fiihren zu kritischen 
Beanspruchungen und initiieren hiiufig das Bauteilver- 
sagen. Durch gezielte Faserverstiirkung der kera- 
mischen Matrix Eiflt sich ehle Umlagerung versagens- 
relevanter Spannungsspitzen erreichen, wobei neben 
der Kerbgeometrie auch der Faserorientierung eine 
entscheidende Rolle zujgillt. 

Grundlage fffr die Dimensionierung faserverstdrkter 
keramischer Bauteile bilden sogenannte 'Kennwert- 
jimktionen', deren Darstellung in Polardiagrammen 
sich als recht praktikabel erweist. 

Am Beispiel einer faserverstiirkten ebenen Keramik- 
struktur werden fiir technisch relevante Kerb- 
geometrien die induzierten Spannungsfelder mittels 
analytischer und numerischer Verfahren berechnet, die 
Kerbspannungsfaktoren ermittelt und die Ergebnisse 
graphisch dargestellt. 

Dans l'utilisation des corps ckramiques comme 
~;lkments de construction exposes aux grandes forces, 
I'importance est avant tout attach6e aux zones de 
concentration de tension comme elles se prOsentent 
aux troux circulaires et aux coches d'autres formes. 
Elles menent aux efforts critiques qui conduisent 
souvent ?t la d6struction de l'klbment de construction. 
Par le renforcement de la matrice cbramique h fibres, 
on peut ainsi atteindre une rOdistribution de sommets 
de tension pertinents ~ la &!faillance; aussi bien que 
l'orientation des fibres, la gOometrie de la coche joue 
un r6le d~;cis(]" clans cette rkdistribution. 

La base du dimensionnement des blements en 
c~;ramiques ren.[brc~es h .fibres avec des coches 
conceptionelles forment ce qu'on appelle ifimctions /~ 
valeurs caractkristiques' qui peu~ent bien ~tre ill- 
ustrOes sur des diagrammes polaires. 

Dans l'exemple d'une structure plane en ckramique 
renforc~e h fibres, les champs de tension induite pour 
des coches pertinantes techniquement sont dbterminks 
au moyen des mOthodes analytiques et numbriques; les 
facteurs de concentration de tension sont aussi 
calculbs et exposOs graphiquement. 

195 

1 Introduction 

Ceramic parts based on Si3N¢, SiC as well as AI203 
and ZrO2 are being employed to an increasing extent 
in highly strained structural components  subjected 
to high loads at high temperatures, as well as wear or 
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corrosion. 1 A decisive factor for the successful 
application of such components is a design that 
takes the special mechanical properties of ceramics, 
such as brittleness, into account. In this class of 
materials, tension peaks cannot be relieved by plastic 
deformation. Especially high tensile stresses often 
result in critical strains on the material and 
ultimately initiate catastrophic failure of the 
component. 

Such stress concentrations in ceramic parts with 
circular, elliptical or square holes, as required by 
constructive measures, can result in failure of the 
parts even under small externally applied loads. The 
knowledge of the stress-strain field around holes is 
therefore of utmost importance for the design 
engineer concerned with ceramics, as well as for the 
technologist. 

The reduction of the sensitivity to brittle fracture 

is an essential goal in the further development of 
high-tech ceramics. 2 One of the most promising 
methods of increasing toughness is based on the 
incorporation of endless fibres. Such a composite 
material permits redistribution of local stress peaks 
around the hole by selective fibre reinforcement, 
which is influenced chiefly by the fibre-matrix 
combination and interaction, the shape of the hole, 
the orientation of the fibre towards the applied load 
direction, and the kind of loading. 

The basis for the correct dimensioning of fibre- 
reinforced ceramic components with anisotropic 
property profiles is the so-called 'characteristic value 
functions'. Their orientation-dependent projection 
in polar coordinates has proved to be quite practical. 
For the design engineer, these projections allow 
immediate access to all mechanical properties of the 
fibre-reinforced material to be used in a construc- 

Table 1. Average material constants for fibre and matrix materials 

p Ell E j_ vii ± G,  
(g/cm 3) ( G Pa) (G Pa) (G Pa) 

Fibre 
C fibre HT 
C fibre HM 
SiC fibre (Nicalon) 
SiC fibre (Tyranno) 
AI20 3 fibre (Nextel 480) 
AI20 3 fibre (Safimax) 
Aramid fibre HM 
Glass fibre E 
Glass fibre R 

Matrix 
A1203 
SiC 
Si3N4 

HPSN 
RBSN 
SSN 

ZrO 2 
LAS glass ceramic 
Borosilicate glass 

EP resin 
Polyamid 6 
Aluminium 
Steel 

1"78 
1"96 
2"55 
2"40 
2'3 
3"30 
1'45 
2"45 
2-48 

3-10 
3"21 

3"25 
2"5 
3"2 
5'8 
2-5 
2"5 

1"22 
1"12 
2"70 
7"85 

240 15 0"28 50 
500 5"7 0-36 18 
200 77 
200 

224 
300 

140 5-4 0'38 12 
73 0"25 29 
84 0"25 34 

330 0"23 
360 0"18 

320 0"28 
180 0'23 
290 0"20 
200 0"26 

88 0'16 
68 0"2 

3"6 0'35 
1"4 0'38 

70 0"30 
210 0-30 

38 
28 

1"3 
0'5 

27 
81 

Abbreviation 

P 
Ell, E± 
vii J_ 
G, 
HT 
HM 
Glass fibre E or R 
HPSN 
RBSN 
SSN 
LAS 
EP resin 

Definition 
density 
Young's moduli parallel (11) and perpendicular (2_) to fibre direction, respectively 
Poisson's ratio for transverse strain perpendicular to fibre direction when stressed in fibre direction 
shear modulus 
High Tenacity 
High Modulus 
special types of glass fibres 
hot-pressed silicon nitride 
reaction-bonded silicon nitride 
sintered silicon nitride 
lithium-alumino-silicate 
epoxy resin 
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tion; this feature provides a useful tool for designing 
ceramic components. 

In an example of a fibre-reinforced plain ceramic 
structure, the stress-induced tensional fields will be 
calculated by analytical and numerical means for 
technically relevant hole geometries. This will be 
accompanied by the determination of the stress 
concentration factors and the graphic display of 
these results. 

As matrix material, SiC also exhibits excellent 
properties, especially as a result of high compati- 
bility with SiC and C fibres, as well as excellent 
resistance to thermal shock. In Table 1 the basic 
specific elasticity values for essential matrix and fibre 
materials are given in relation to Fig. 1. 

3 Basis for Calculations 

2 The Principles of  Reinforcement and Fibre 
Selection 

To reinforce ceramic materials one can incorporate 
short fibres, platelets, whiskers, or partially stabi- 
lized zirconia particles. A considerable increase in 
toughness can also be achieved by the incorporation 
of continuous fibres) It is important to point out 
that, contrary to fibre-reinforced polymers, the 
fracture strain in fibre-reinforced ceramic matrices is 
of the same order as that of the fibres themselves. 
Therefore, microstructural tension peaks cannot be 
relieved because of the deformation restraints of the 
matrix, which results in a limitation of the achievable 
increase in strength. Hence, the primary objective of 
the reinforcement is the improvement  of the 
toughness of the brittle monolithic ceramic body. 
Generally, the reinforcement results in a dependence 
of  the toughness and strength on the orientation. '~ 

Recently, reinforcing fibres for glass, glass 
ceramics and ceramics have been made predomi- 
nantly of SiC and C. Furthermore, glass fibres 
especially for the reinforcement of monolithic 
glasses and alumina fibres have come into use. s The 
application of carbon fibres is limited to reducing 
atmospheres, because of their limited resistance to 
oxidation at high temperatures. In this environment, 
SiC fibres, which are less susceptible to oxidation, 
offer decided advantages. 6 

component 

matrix 

fibre 

material 
- Isotropic 
- homogeneous  

ceramics, glass cera- 
mics, glass, metal, 
polymer 
Isotroplc 
homogeneous 
glass fibre 
alumina fibre 

o~hotroplc 

Fig. 1. Mechanical properties 

number of in(:lependent 
basic elasticity constants 

E,V, 
2 E 

G = 2(1 + v )  

E,v ,  

2 E 
G =  

2(1 + v) 

transversal isotropic I ~ 1 1 ~  Ep E±, 
homogeneous 5 ~ vl l, vi~, 
C fibre G~, 
SiC fibre GLt = 
aramid fibre 2(1 + v~_) 

of composite components. 

The absolute command and use of the property 
profile of fibre-reinforced ceramics require a broad 
knowledge of the structural mechanical interconnec- 
tions in dealing with anisotropic materials on the 
part of the design engineer. 

In dimensioning of fibre-ceramic compound  
components, continuous space approaches of mech- 
anics are used as basis for mathematical treatment. 
In the course of this phenomenological continuum 
approach the microstructural heterogeneous material 
structure will be treated macroscopically by the 
homogenization technique. 

4 Elasticity Rules for Anisotropic Materials 

The material behaviour of fibre-reinforced materials 
can be described by the tensor notation of Hooke's 
law, 

(~ij ~-" Cijkl',~kl (i, L k ,  l =  1,2,3) (1) 

where Cijkt represents a fourth-order material tensor 
with 81 constants. With the assumption of symmetry 
among the stress and strain tensor components, the 
81 constants reduce to 36 independent values. The 
law of elasticity can therefore be written in a 
'pseudovectoriar manner as: 

ai = Cik" ak (i, k = 1, 2 . . . . .  6) (2) 

With the assumption of an existing elastic potential, 
which is regarded as a unique function of the strain 
tensor components, one can state: 

Cik = Cki (i, k --- 1, 2 . . . .  ,6) (3) 

This reduces the number of elastic constants to 21. 
In technically relevant fibre-reinforced ceramics, a 

texture exists with respect to three independent, 
mutually perpendicular directions. In terms of 
crystal chemistry, this case is called orthorhombic 
anisotropy or orthotropy. This results in a material 
tensor consisting of 12 components, of which 9 are 
linearly independent of each other. Finally, one can 
express the material law (eqn (2)) for a three- 
dimensional orthotropic body within the system of 
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the main axes for the material in the following form: 

-all  
| 

0" 2 

0" 3 

"C23 

7,'13 

_T12 

-C11 

C12 

C13 

0 

0 

0 

C12 C13 0 0 0 /~1 

C22 C23 0 0 0 e 2 

C23 C33 0 0 0 83 

0 0 C44 0 0 ~)23 

0 0 0 C55 0 Y13 

0 0 0 0 C66..712. 

(4) 

For  the planar problem considered in this work, the 
a s sumpt ion  of  an a p p r o x i m a t e l y  plane stress 
distribution is allowed; thus eqn (4) results in: 

"['12 0 Q66 LT12J 
The Qis represent the so-called reduced stiffnesses, 
which can be expressed in accordance with: 

Ci3" Cj3 (i,j = 1 ,2 ,6)  (6) 
Qij = Cij C33 

When solved for the strains, eqn (5) yields the 
following expressions: 

/31 = 0-1Sll --~ 0-2S12 

E 2 = 0"1312 -~ 0"2S22 

712 = 2712866 

(7) 

The connect ion between the compliances Sij and the 
engineering parameters (compare with Fig. 2) is 
given by 

1 
S11 = El t 

v 
812 -- II L -- /)±Jl : 821 (8) E,j 

1 
322 ~ E± 

1 
$66 = G~ 

E 
xt'ly ~ - - - ~  ~q 

E,. vt~ 

Fig. 2. Elastic constants in the main axes system of the material 
X l ,  X2~ X 3- 

coordinate  system rotated by an angle ¢p f rom the 
fibre direction in a mathematical ly  positive sense: 

~ = T . C . T  r 

~ = T - r . S . T - 1  
(9) 

6 = T ' a  

g :  T '~  

where 

T =  

cos 2 q9 sin 2 q~ 2 sin ~o cos ~0 ] 

sin2 q~ cos2 q~ - 2  sin q~cos ~o~ 

- sin q~ cos ~o sin ~0 cos ~o cos 2 q~ - sin 2 ~oJ 

The illustration of  the t ransformat ion correlations 
(eqn (9)) provides the design engineer with quite 
practical polar diagrams, which allow an immediate  
reading of the interrelation between the material 
constants oriented parallel to the main axes (basic 
constants  Erl, E j_, vii ±, G~) and the constants  rotated 
by any angle ~o with respect to the main axes; in Fig. 3 
the elastic modul i  of  a SiC-reinforced glass ceramic v 
and carbon-fibre-reinforced carbon (CFC) are given 
as examples. 

6 Mathemat ica l  Treatment  of  the Stress Distribution 
Around a Notch  

5 Transformation Relat ions 

In order to determine the stress-strain relationship 
for an or thotropic  plane structure within a global 51, 
52, £3 system of  coordinates (Fig. 2), one has to apply 
a polar t ransformat ion to the stresses and strains as 
well as to the stiffnesses and compliances known for 
the xl, x2, x3 main axes system. The following equa- 
t ions describe the t rans format ion  behaviour  of  a 

With the assumptions  of  an anistropic material law 
as well as a plane stress field, the fol lowing 
bipotential  equation,  often designated as 'aniso- 
tropic plane equation' ,  is valid: 

O4F 04F •4 F 
811 02~- -- 2~16 ~£1 0£~-----'~ "1- (2~12 -k- g66) 0£2 0y 2 

O'F ~ ¢74F 
--2926c3£~a£-~-~+ 22a£14=0 (10) 
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,ll 

50GPa 

Fig. 3. Polar diagram of the elastic modulus of  CFC and a SiC fibre-reinforced lithium aluminosilicate glass ceramic (LAS). Material 
constants CFC:  Ell = 150GPa; E± = 3.1 GPa; v i! l = 0.35; G ,  = 2GPa;  material constants SiC-LAS: EL! = 1132 GPa; E l = 41 GPa; 

vii ± = 0"18; G~ = 30GPa. 

where the Airy stress function F is introduced as 
follows: 

632F 
- 

~2F 
0 " 2  - 

0 2 F  
- ( l l )  

T12 ~'~1 U'~2 

In the case of orthotropic behaviour considered 
here, eqn (10) reduces to 

1?4 F O'* F •'* F 
S ~  + (2S12 + $66 ) Ox 2 ~2c2 t- $22 02c~- 1 : 0 (12) 

(x 1 parallel, x2 perpendicular to the fibre direction). 
In the case of isotropy the following equation is 
obtained: 

~4F ~4F 84F 
A A F =  t3x-~-i + 2 8,,x~ ?,x 2 + ~-~-~ = 0 (13) 

In this case, no material constant is introduced into 
the bipotential equation, in contrast to the aniso- 
tropic plane equation. From eqn (12) in combina- 
tion with the stated Airy stress function 

F =. f (x  I +/[,/X2) (14) 

the characteristic equation follows: 

2S12  "~- $66 ]./2 82 z #4~ + ~ - - =  0 (15) 
$11 ~11 

For all materials used in practical applications, the 
solutions of eqn (15) for/2 are pairs of conjugated 
complex values and are therefore designated as 
complex material constants. The analytical func- 
tions eqn (14) formed with the aid of these constants 
are solutions for the Airy function F which, after 
appropriate adjustment of the boundary conditions, 
permit the calculation of the stress field of a notched 
plate. 

The tensional state of the solid plate, perturbed by 
the cutout, in accordance with the principle of 
superposition, can be interpreted as the super- 
position (Fig. 4) of  an unperturbed strained state of 
the solid plate and the perturbed state of the hole, 
which, at a sufficient distance from the notch, has no 
more influence on the stresses. 

For the unperturbed state, the natural boundary 
conditions have to be considered. In the case of the 
perturbed state the conditions at the rim of the notch 
must be fulfilled. For practical calculation, the 
method of conformal projection has proved to be 
the most advantageous. With this method, the 
outline of the notch is projected onto a unit circle. 
Analytical and experimental investigations in the 
field of notched fibre-reinforced plates of polymeric 
materials can be found in Refs 9-11. 

From the evaluated stress function, F, one can 
calculate the stress components  with the use of eqn 
(! 1). If transformation eqn (9) is applied to these 
components, they can be transformed to a natural 
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1,11 

ffl 

splitting of the stress field 

unperturbed state perturbed state 

Fig. 4. Splitting of the stress problem) ~o, Angle to fibre-oriented system; if, angle to load direction; 0, rim parameter. 

coordinate system whichis tangential and normal to 
the outline of the hole. In analogy with this, the stress 
field can be determined for other materials and hole 
geometries. An arbitrary choice of geometries, loads 
and material-specific constants is possible.12,~ 3 

To judge the stress concentration at the notch, the 
stress concentration factor ~, which is known for 
isotropic materials, is formally transferred to 
anisotropic materials. This value characterizes the 
ratio of the notch stress to the nominal stress (~ 
normalized stress concentration factor). Because it is 
independent of the magnitude of the applied load, 
it is a valuable figure for dimensioning of 
components. ~4 

In Figs 5 and 6, diagrams of  the stress con- 
centration factors are shown for anisotropic plates 
made of CFC and carbon-fibre-reinforced borosili- 
cate glass under tension. As a basis for the model 
calculation, the dimension of the plate is assumed to 

be infinite in comparison with the various hole 
geometries. In the representation related to the hole, 
the stress concentration factors are plotted normal 
to the shape of the notch, which specifies the zero 
level of the tangential stress. They are plotted against 
the notch rim parameter ,9. Tensile stresses point 
outward in the diagrams, whereas compressive 
stresses point inward. The load direction is sym- 
bolized by the arrows P and by the angle ~ (as 
indicated in Fig. 4). The angle ~0 is the angle included 
between the orthotropic main axis of the maximum 
elastic modulus and the abscissa of the plotted 
global coordinate system. For comparison, the 
known stress concentration factors for the isotropic 
case are plotted as thin lines 

The decrease of  the local stress concentration 
maxima is depicted in Fig. 7. This characteristic is of 
vital importance for design decisions, since it 
indicates the scope of critical stress intensities. 16 
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(p = 9 0  ° 

= 90 ° 

~ ~ t r ° p i c  ~ 2 i p ~ t r ° p i c  

® 1 ®; 
~ = 9 0  ° 

~ = 90 ° 

r m  

© 

tp = 30 ° 

~/-- 150 ° 

isotmpic 
\ isotmpic 

® 

~ . . ~ _ .  anisotropic 
isotropic 

Fig. 5. Stress concen t ra t ion  fac tor  ~ for  loading  in the di rect ion o f  the main  o r tho t rop ic  axes: (a) Ci rcular  notch,  (Xma x ~ -  10"39 for 
,9 = 0 ' ;  (b) elliptic notch,  ~max = 24.48 for ,9 = 0; stress concen t ra t ion  fac tor  ~ for an ob long  hole: (c) On-axis  loading,  :~m.~ = 28"62 for 
`9=0~; (d) off-axis loading,  ~max=2"85 for ,9=5'85+; c%t .= - -8"05  for ,9= 172"5 ~. Mate r ia l  cons tan ts  C F C :  Eli = 150GPa ;  E l - =  

3.1 GPa ;  vii I =0-35;  G+ = 2 G P a .  

~o = 90 ° ¢, ~ = 90 ° 

- 90° I P ~ = 90° 

® ® 

~p 

(p = 9 0  ° 

¥ = 90 o 

© 

I P  

q~ = 30 ° 

= 150 ° 

\ " anisotropic - -  I ~'isotropic 
x is°tr°p ic [ 

,L G 
Fig. 6. Stress concen t ra t ion  fac tor  ~ for  loading  in the d i rec t ion  o f  the main  o r tho t rop ic  axes: (a) Ci rcu la r  notch,  %ax = 4"58 for 0 = 0°; 
(b) elliptic notch,  ~m,x = 9'94 for 0 = 0°; stress concen t ra t ion  fac tor  ~t for an ob long  hole: (c) on-axis  loading,  ~max = 11"58 for  9 = 0°; 
(d) off-axis loading,  (Xma x = 3-21 for ,9 = 6.9°; Ctmt . ---- --2"73 for ,9 = 172-8 °. Mater ia l  cons tan ts  C-fibre re inforced borosi l ica te  glass: 1~ 

Eql = 169 GPa ;  E± = 32 GPa ;  vii z -= 0.18; G .  = 22 GPa.  
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15 
¢.- 

0 

I1.,.,. 

c- 

o 
t,- 
0 
0 
o9 
o9 
L_ 

09 

12 

10' 

4 

2 

0 
0 

E 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 

II 
material constants 
CFC 

Ell = 150GPa  
E_L = 3.1 GPa 

v I1± = 0.35 
G# = 2 GPa 

1.8 2 

x/d 
(a) 

i | 

' I l l  ' 

2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4 

30 

~ 25 

20 

¢" 15 t-  

O 
t -  
O 10 
0 

U) 
o3 

~ 5 

0 

I I I I I  
material constants 
CFC 

= 150 GPa 
= lO a 

v I1± = 0.35 
G# = 2 GPa I l l  

¢ 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 

x/b 
(b) 

3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 

Fig. 7. Decrease of stress concentration maxima for (a) a circular notch and (b) an oblong hole (FEM-calculations). 

7 Conclusion and Proposals for Future Work 

In high-tech ceramic components  used in engineer- 
ing, holes are often required for reasons of  design. 
Because of  local stress concentrations under tension, 
these holes are the actual weak points of  ceramic 
structures. Even small loads can cause catastrophic 
failure in the vicinity of  these notches. 

For  these reasons, holes susceptible to failure 
require an individual treatment on the basis of  
mechanical analysis. First of  all, this statement is 
applicable to anisotropically fibre-reinforced cer- 
amics in cases where the direction of  the applied 

tension and the direction of  the fibres do not 
coincide (off-axis loading). In these cases the origin 
of failure is usually not situated at the notch root. 
Furthermore,  an increase in the degree ofanisotropy 
(Eli~El) is accompanied by an increase of  the stress 
concentration factor. 

Fur ther  thorough investigations of  the failure 
mode of  a fibre-matrix composite, besides the stress 
concentration analysis, are necessary for correct 
dimensioning of  components.  During this develop- 
ment a special emphasis must be placed on the 
establishment of  suitable failure criteria, since the 
orientational dependence of  both strength and 
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toughness  o f  the material  has to be considered in this 

case. 
The preceding explana t ions  have po in ted  out  the 

necessity o f  establishing a ma themat i ca l  basis to 

assist the deve lopment  o f  f ibre-reinforced ceramics  

and  their successful technical  applicat ion.  
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